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Abstract
A hypergraph is s-arc transitive if its automorphism group acts transitively on the set of its s-arcs. In this
paper, we study s-arc transitive hypergraphs. We show that if a hypergraph has degree at least three and all
edges of sizes at least three, then s ≤ 5. Besides, given an s-arc transitive hypergraph, we prove that there
are infinitely many s-arc transitive hypergraphs that cover the given one. These results extend to hypergraph
classical results by Tutte, Weiss and Biggs for graphs.
c© 2007 Elsevier Ltd. All rights reserved.
1. Introduction
An s-arc in a graph Γ is an (s + 1)-tuple (v0, v1, . . . , vs) of vertices such that each (vi , vi+1)
is an edge of the graph and any three consecutive vertices are distinct. We say that Γ is (G, s)-
arc transitive, or just s-arc transitive, if it has an automorphism group G < AutΓ which acts
transitively on the set of all s-arcs. The study of s-arc transitive graphs goes back to Tutte [9],
who showed that finite cubic graphs cannot be s-arc transitive for s > 5. Weiss [10] proved
several years later that the only finite connected s-arc transitive graphs with s ≥ 8 are the cycles.
Given G ≤ AutΓ , we say that Γ is locally (G, s)-arc transitive, or just locally s-arc transitive,
if for each vertex v, the stabilizer Gv acts transitively on the set of s-arcs starting at v.
Provided that all vertices have degree at least two, a locally s-arc transitive graph is also
locally (s − 1)-arc transitive. If Γ is locally 1-arc transitive but not vertex transitive, then it is a
bipartite graph and the two parts of the bipartition are orbits of AutΓ . Stellmacher [7] has proved
that if Γ is a locally s-arc transitive graph with minimum degree δ(Γ ) ≥ 3, then s ≤ 9.
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The situation is different in the case of directed graphs. Praeger [6] gave infinite families of
s-arc transitive digraphs for each positive integer s and each degree. By extending results of
Babai [1], it was shown in [5] that given an arbitrary regular digraph and an arbitrary positive
integer s, there are infinitely many s-arc transitive digraphs which cover the original digraph.
In this paper we consider a natural extension of s-arc transitivity to the case of hypergraphs.
For s ≥ 0, an s-arc in a hypergraph H = (V, E) is an alternate sequence of vertices and edges
(u0, e1, u1, e2, u2, . . . , vs−1, es, us),
where each edge ei is incident to the vertices ui−1, ui , 1 ≤ i ≤ s and two consecutive vertices or
edges are distinct. The hypergraph H is s-arc transitive if it has an automorphism group which
acts transitively on the set of s-arcs. Precise definitions are given in Section 2. In Section 3 we
prove the next result which gives the maximum degree of s-arc transitivity for hypergraphs.
Theorem 1. Let H be an s-arc transitive, d-regular and r-uniform hypergraph with d, r ≥ 3.
Then s ≤ 5. If in addition H is self-dual then s ≤ 3.
The bound for s in Theorem 1 is tight as demonstrated by the Ree–Tits classical generalized
octagons associated with the simple groups 2F4(q) with q = 22e+1; see [8]. These hypergraphs
are 5-arc transitive, (q2 + 1)-regular and (q + 1)-uniform.
Biggs [2] has developed the so-called covering graph construction in order to give infinite
families of s-arc transitive graphs which cover a given one. We extend this technique to
hypergraphs with a similar purpose. The hypergraph H1 is a cover of the hypergraph H2, with
covering map σ , if there is a positive integer h such that σ is a h-to-one surjective hypergraph
homomorphism of H1 onto H2 which is locally bijective (see precise definitions in Sections 2
and 4). We prove the next result in Section 4.
Theorem 2. Let H be an s-arc transitive, d-regular and r-uniform hypergraph with d, r ≥ 3
and s ≥ 1. There are infinitely many s-arc transitive hypergraphs which cover H.
In particular, by taking as a starting point a 5-arc transitive hypergraph associated to the
incidence graph of generalized octagons, Theorem 2 provides an infinite family of 5-arc transitive
hypergraphs.
2. Preliminaries
We consider finite simple hypergraphs. Let H = (V, E) be a hypergraph with vertex set V
and edge set E , which is a family of nonempty subsets of V . We denote the degree of a vertex
v ∈ V by d(v), the number of edges incident with v. A hypergraph in which all vertices have the
same degree d is said to be regular of degree d or d-regular. The size of an edge e ∈ E is |e|.
A hypergraph H is called uniform or r -uniform if all its edges have the same size r . Note that a
simple 2-uniform hypergraph is merely a simple graph.
Let H1 = (V1, E1) and H2 = (V2, E2) be two hypergraphs. A homomorphism α : H1 → H2
is a map α : V1 → V2 that preserves adjacencies, that is, α(e) ∈ E2 for each e ∈ E1. When α
is a bijection and its inverse map is also a homomorphism then α is an isomorphism between the
two hypergraphs and H1 and H2 are isomorphic. We can associate to an isomorphism α from H1
to H2 a bijection αE : E1 → E2 defined as αE (e) = {α(v) : v ∈ e}.
An automorphism of a hypergraph H is an isomorphism from H to itself. The automorphism
group of H is denoted by Aut H . A hypergraph is vertex transitive if its automorphism group acts
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transitively on the set of vertices. Such a hypergraph is necessarily regular, that is, each vertex is
incident to the same number of edges. Moreover, if a hypergraph is vertex transitive, then each
of the partial hypergraphs induced by the set of edges with the same size is vertex transitive (and
hence regular) as well.
For s ≥ 0, an s-arc in a hypergraph H = (V, E) is a alternating sequence of vertices and
edges,
(v0, e1, v1, e2, v2, . . . , vs−1, es, vs),
where each edge ei is incident to the vertices ui−1, ui , 1 ≤ i ≤ s and two consecutive vertices or
edges are distinct.
We note that Aut H acts on the set of s-arcs of H in a natural way. In particular, a hypergraph
is 1-arc transitive if its automorphism group acts transitively on the set of 1-arcs. This means
transitivity on the set of ordered pairs of adjacent vertices. In the case of graphs, such a graph is
said to be symmetric.
We next give some easy facts about 1-arc transitive hypergraphs.
Proposition 3. Let H = (V, E) be a 1-arc transitive hypergraph such that |e| ≥ 2 for every
e ∈ E. Then,
(i) H is vertex transitive,
(ii) H is uniform,
(iii) every pair {u, v} of adjacent vertices is contained in the same number λ of edges of H.
Proof. Let u, v ∈ V . Since there are no isolated vertices, there are edges eu, ev ∈ E (not
necessarily distinct) such that u ∈ eu and v ∈ ev . Moreover, since |eu |, |ev| ≥ 2, there are
vertices u′, v′ ∈ V, u 6= u′, v 6= v′, such that u, u′ ∈ eu and v, v′ ∈ ev . By 1-arc transitivity,
there is an automorphism of H which maps (u, eu, u′) to (v, ev, v′) and hence u to v. This proves
(i).
Similarly, for every two edges eu, ev ∈ E there is an automorphism which maps (u, eu, u′) to
(v, ev, v′), where u, u′ ∈ eu and v, v′ ∈ ev and |eu | = |ev|. Hence H is uniform.
For each pair {u, v} of vertices denote by Euv the set of edges containing both of them. If
e ∈ Euv and e′ ∈ Eu′v′ , then there is an automorphism α of H which maps (u, e, v) to (u′, e′, v′)
and, in particular, u to u′ and v to v′. Consequently, each edge in Euv is mapped to an edge in
Eu′v′ . Since α is a bijection, the induced map αE on E is also bijective and |Euv| = |Eu′v′ |. 
Note that an s-arc transitive hypergraph with s ≥ 2 and minimum degree δ(H) ≥ 2 is also
(s−1)-arc transitive, since every (s−1)-arc can be extended to an s-arc. Therefore the statements
of Proposition 3 apply to these hypergraphs as well.
Now let H be a 2-arc transitive hypergraph which is d-regular and r -uniform, with d, r ≥ 2.
We claim in the following proposition that every pair of edges intersects in at most one vertex. A
hypergraph with such a property is usually called linear.
Proposition 4. Let H be a 2-arc transitive hypergraph. Then, for every pair e, e′ of distinct
edges, |e ∩ e′| ≤ 1.
Proof. Suppose on the contrary that there are two distinct edges e, e′ which intersect in more
than one point. By Proposition 3, H is r -uniform and |e \ e′| = |e′ \ e| 6= ∅. Let u1, u2 ∈ e ∩ e′
and v ∈ e \ e′, v′ ∈ e′ \ e. Consider the 2-edges (u1, e, u2, e′, v′) and (v, e, u1, e′, u2). Note
that the 2-edges are well defined, because e and e′ are distinct. By 2-arc transitivity, there is an
1006 S.P. Mansilla, O. Serra / European Journal of Combinatorics 29 (2008) 1003–1011
automorphism φ of H which maps (u1, e, u2, e′, v′) to (v, e, u1, e′, u2). The induced map on the
set of edges fixes e and e′ (setwise) so that φ fixes e ∩ e′. But then φ cannot map u1 ∈ e ∩ e′ to
v ∈ e \ e′, a contradiction. 
Let us recall the notion of dual of a hypergraph. Let H = (V, E) be a hypergraph. The dual
of H is the hypergraph H∗ whose set of vertices is the set of edges of H and its edges are
eu = {e ∈ E |u ∈ e}, for each u ∈ V . Clearly, if H is d-regular then H∗ is d-uniform and vice
versa. Moreover, by considering the natural action of an automorphism of H on its edge set, we
have Aut H = Aut H∗.
If H is a 2-regular, r -uniform, r ≥ 3, which is s-arc transitive, then its dual H∗ is an (s − 1)-
arc transitive graph and so, from the result by Weiss [10] mentioned in the Introduction, s ≤ 8.
On the other hand, by the same result, if H is an s-arc transitive d-regular graph with d ≥ 3 then
s ≤ 7. We summarize the last remarks in the following proposition.
Proposition 5. Let H be an s-arc transitive hypergraph, d-regular and r-uniform.
If r = 2 and d ≥ 3, then s ≤ 7.
If d = 2 and r ≥ 3, then s ≤ 8.
Thereafter we will only consider s-arc transitive hypergraphs which are d-regular with d ≥ 3
and r -uniform with r ≥ 3.
3. Bounds for s-arc transitivity in hypergraphs
We can associate with a hypergraph H its bipartite incidence graph ΓH . The two stable sets
of the incidence graph ΓH of H = (V, E) are V and E , and the edge set of ΓH consists of all
pairs (u, e), u ∈ V, e ∈ E , such that u ∈ e.
A hypergraph H is said to be self-dual when it is isomorphic to its dual, and an isomorphism
from H to H∗ is a duality. A duality of order two of H is called a polarity. Note that a polarity
always exists if H is self-dual. Indeed, the vertices and edges of a self-dual hypergraph H can be
labelled in such a way that the incidence matrix of H is symmetric; the correspondence which
interchanges each vertex with the edge having the same label is a polarity of the hypergraph.
For example, if we consider the Fano plane regarded as a hypergraph, it is easy to see that it is
a 2-arc transitive hypergraph, not 3-arc transitive, and that it is self-dual as well. The incidence
graph of a Fano plane is the well-known Heawood graph of 14 vertices which is a cubic Cayley
graph (therefore vertex transitive) and 4-arc transitive, but not 5-arc transitive.
With this notation, we are now ready to prove the following statement.
Proposition 6. Let H be a hypergraph and let ΓH be the incidence graph of H. Then, Aut H '
AutΓH if and only if H is not self-dual.
Otherwise, if H is self-dual, then AutΓH is isomorphic to a semidirect product Aut Ho〈α∗〉,
where α∗ : H → H∗ is any polarity.
Proof. Each automorphism α of H induces an automorphism α′ of Γ = ΓH in a natural way:
define α′ : V ∪ E → V ∪ E by α′(v) = α(v) if v ∈ V and α′(e) = αE (e) if e ∈ E .
Then, α′ : V ∪ E → V ∪ E is a bijection of V (Γ ) which preserves incidences and so it is
an automorphism of the graph. The corresponding map α 7→ α′ is clearly an injective group
homomorphism from Aut H to AutΓ . Thus Aut H is isomorphic to a subgroup AH of AutΓ .
On the other hand, let α′ ∈ AutΓ . Then the restriction of α′ to V induces either an
automorphism α of H if α′(V ) = V , or an isomorphism α∗ from H to H∗ if α′(V ) = E . In the
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former case, α′ is induced by an automorphism of H , so that α′ ∈ AH . Hence, if α′ ∈ AutΓ \AH
then we must have α′(V ) = E , and H is isomorphic to H∗. Conversely, if H is self-dual and
α∗ : H → H∗ is a duality, then α∗ induces the automorphism α′ : V ∪ E → V ∪ E of Γ defined
by α′(v) = α∗(v) if v ∈ V and α′(e) = α∗E (e) if e ∈ E . Then α′ permutes the stable sets of Γ
and hence α′ 6∈ AH .
Finally, let α∗ be a polarity from H to H∗ and α′ the corresponding element in AutΓ , which
verifies (α′)2 = 1. Each automorphism β ∈ AutΓ \ AH exchanges the stable sets of Γ and
γ = βα′ does not. Hence β = γα′ and AutΓ = AH · 〈α′〉. In particular, being a subgroup of
index two, AH is a normal subgroup of AutΓ . Therefore AutΓ is the internal semidirect product
AH o 〈α′〉 which is isomorphic to Aut H o 〈α∗〉. 
The next Proposition connects the notions of s-arc transitive hypergraphs with locally t-arc
transitive graphs.
Proposition 7. Let H = (V, E) be a d-regular and r-uniform hypergraph with d, r ≥ 3 and
Γ = ΓH its incidence graph
If H is s-arc transitive, s ≥ 1 then Γ is locally (2s − 1)-arc transitive. Moreover, if H is
self-dual then Γ is 2s-arc transitive.
Proof. Let G be an s-arc transitive automorphism group of H . We claim that, with the natural
action of G on V (Γ ), the stabilizer Gx of a given vertex x acts transitively on the set of (2s−1)-
arcs of Γ starting at x .
Each 2s-arc (x = x0, x1, x2, . . . , x2s) of Γ with x0 = v0 ∈ V corresponds to an s-arc of the
form (v0, e1, v1, . . . , es, vs) in H where vi = x2i for 0 ≤ i ≤ s and ei = x2i−1 for 1 ≤ i ≤ s.
Since H is s-arc transitive, Gx = Gv0 acts transitively on the (2s)-arcs of Γ starting at x .
Similarly, each (2s − 1)-arc (x = x1, x2, . . . , x2s−1, x2s) of Γ with x = e1 ∈ E corresponds
to an s-arc of the form (v0, e1, v1, . . . , es, vs) in H where now vi = x2i for 1 ≤ i ≤ s, ei = x2i−1
for 1 ≤ i ≤ s and v0 is any vertex in e1 \ v1. Thus Gv0,e1 ≤ Gx acts transitively on the (2s − 1)-
arcs of Γ starting at x .
If H is self-dual, by applying the first part of the proof to H and to its dual H∗ we see that
the stabilizer Gx acts transitively on the 2s-arcs starting at x for each x ∈ V ∪ E . Moreover, it
follows from Proposition 6 that Γ is vertex transitive, so that the graph is 2s-arc transitive. 
Now Theorem 1 follows immediately.
Proof (of Theorem 1). Let H be an s-arc transitive, d-regular and r -uniform hypergraph with
d, r ≥ 3. By Proposition 7 we have that ΓH is locally (2s− 1)-arc transitive. Thus, the bound by
Stellmacher [7] for locally t-arc transitive graphs implies 2s − 1 ≤ 9 and so s ≤ 5. In the case
that H is self-dual, Weiss’ Theorem [10] on s-arc transitive graphs bounds 2s to be 2s ≤ 7 and
hence s ≤ 3. 
As in the case of locally s-arc transitive graphs, the bound for s in Theorem 1 is tight. The
example is again provided by the Ree–Tits classical generalized octagons associated with the
simple groups 2F4(q) with q = 22e+1. Regard as hypergraphs, 5-arc transitive, (q2 + 1)-regular
and (q + 1)-uniform. Since local s-arc transitivity implies locally (s − 1)-arc transitivity (for
hypergraphs with minimum degree δ(H) ≥ 2), s-arc transitive hypergraphs exist for each s ≤ 5.
4. Application of the covering graph construction to hypergraphs
As we mentioned in the Introduction, locally s-arc transitive graphs have been the subject of
much investigation and in both the vertex transitive and the vertex intransitive cases, examples of
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locally s-arc transitive graphs with large values of s are of particular interest (see for instance [3]
or [4], in which the authors provide an infinite family of locally 5-arc transitive graphs).
In [2, Chapter 19] Biggs developed a general version of the covering graph technique, first
used by Conway to show that there are infinitely many vertex transitive graphs of degree 3 that
are 5-arc transitive. This general version allows one to construct infinitely many s-arc transitive
graphs that cover a given vertex transitive s-arc transitive graph. In this section, we show that
the mentioned technique generalizes to incidence graphs of s-arc transitive hypergraphs. The
main result of this section is the proof of Theorem 2 which states that, given an s-arc transitive
hypergraph, there are infinitely many s-arc transitive hypergraphs covering the given one.
We say that the hypergraph H1 is a cover of the hypergraph H2, with covering map σ , if there
is a positive integer h such that σ is a h-to-one surjective hypergraph homomorphism of H1 onto
H2, and σ is locally bijective, that is, for each vertex u ∈ V (H1), the restriction of σ to star
EH1(u) is bijective. Note that in particular the families of edges adjacent to u and to σ(u) in H1
and H2 respectively have the same cardinality and their edges have the same sizes.
Let us recall how the covering graph construction works. In order to prove Theorem 2 we
only need to consider a particular version of the technique. Although the extension to incidence
graphs of s-arc transitive hypergraphs follows closely the original construction, we include all
the details for the benefit of the reader.
Let Γ = (V, E) be a graph with set of edges E = {e1, e2, . . . , em}. Consider the map
α : E → (Z2)m with α(ei ) = ei , where ei has 1 in the i th coordinate and zero otherwise.
The covering graph of Γ by α is the graph Γ α with the following vertex and edge sets:
V (Γ α) = (Z2)m × V,
E(Γ α) = {((v1, u), (v2, u′))|uu′ ∈ E, v2 = v1 + α(uu′)}.
Let pi : V (Γ α) → V be the natural projection that drops the first coordinates, i.e. pi(v, u) = u
for each (v, u) ∈ (Z2)m × V . It is easy to check that pi is a covering projection of Γ α onto Γ and
therefore Γ α is a cover of Γ . Since a cover is a locally bijective homomorphism, we have:
Remark 8. If Γ = (V, E) is a bipartite graph, then the cover Γ α is bipartite. Furthermore, if
Γ is biregular, then Γ α is biregular as well with the same degrees.
Let us show next that this construction can be applied to obtain covers of hypergraphs.
Proposition 9. Let H be a hypergraph and ΓH its incidence graph. Let Γ αH be the covering
graph of ΓH . Then Γ αH is the incidence graph of a hypergraph H
α that covers H.
Proof. The covering graph Γ αH is the incidence graph of the hypergraph H
α with the following
vertex and edge sets:
V (Hα) = (Z2)m × V,
E(Hα) = {e(v,e)| (v, e) ∈ (Z2)m × E(H)},
where, for each element (v, e) = (v, {u1, . . . , ur }) ∈ (Z2)m × E(H), the corresponding edge in
Hα is
e(v,e) = {(v+ α(u1, e), u1), . . . , (v+ α(ur , e), ur )}.
Let us consider the natural projection pi : (Z2)m × V (H) → V (H) that drops the first
coordinates, i.e. pi(v, u1) = u1 for each (v, u1) ∈ (Z2)m × V . The map pi preserves adjacencies
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and so it is a hypergraph homomorphism. Moreover, pi is clearly a 2m-to-one surjective
hypergraph homomorphism of Hα onto H . Finally if u ∈ V (H) is a vertex of degree d, that
is, u ∈ {e1, . . . ed} (d distinct edges of H ), then any of its preimages (v, u) is contained in the d
edges of Hα with subscripts in {(v+α(u, e1), e1), . . . , (v+α(u, ed), ed)}. Moreover, the size of
e(v+α(u,ei ),ei ) is the same as the size of ei for each i = 1, 2, . . . , d. Hence pi is locally bijective.

Let us go back to the graphs again. The automorphism group AutΓ of a graph Γ acts on its
edge set E(Γ ) in a natural way by the rule g(uv) = g(u)g(v), for each g ∈ AutΓ . On the other
hand, g acts in a natural way, via the map α, as a group automorphism of Zm2 by permuting the
coordinates of each vector according to the action of g on E(Γ ). With this action we have,
g(α(uu′)) = α(g(u)g(u′)) for each edge uu′ ∈ E(Γ ). (1)
In the terminology of Biggs [2], α is a compatible map. Let G be a group of automorphisms of
Γ and consider the semidirect product (Z2)m o G defined by this action of G on (Z2)m , that is,
(v1, g1)(v2, g2) = (v1 + g1(v2), g1g2).
Then we have (see e.g. [2, Proposition 19.3]),
Proposition 10. Let G be a subgroup of AutΓ . Then the semidirect product (Z2)m o G is a
subgroup of the automorphism group AutΓ α , where the action of (v, g) ∈ (Z2)moG on V (Γ α)
is defined as (v, g)(w, u) = (v + g(w), g(u)). Moreover, if V0 is an orbit of G on V (Γ ) then
(Z2)m × V0 is an orbit of (Z2)m o G on V (Γ α).
Proof. The stated action is clearly a well-defined permutation of V (Γ ). By (1) the image of
an edge {(w, u), (w + α(uu′), u′)} of Γ α by an element (v, g) ∈ (Z2)m o G is the edge
{(v + g(w), g(u)), (v + g(w) + α(g(u)g(u′)), g(u′))}, so that (Z2)m o G is indeed a subgroup
of the automorphism group AutΓ α . Finally, if u, u′ are two vertices in the same orbit of G, say
u′ = g(u), then for each vector w ∈ (Z2)m we have (w, g)(0, u) = (w, u′). Therefore the orbits
of (Z2)m o G are of the form (Z2)m × V0, where V0 is an orbit of G. 
The usefulness of the covering graph construction lies in the fact that we can prove a much
stronger version of Proposition 10 related to locally s-arc transitive graphs.
Proposition 11. Suppose that G < AutΓ acts transitively on the set of s-arcs starting at a
vertex u0 of Γ . Then (Z2)m o G acts transitively on the set of s-arcs starting at any vertex in
pi−1(u0), where pi is the covering projection of Γ α onto Γ .
Proof. Let (v0, u0) ∈ pi−1(u0). We have to prove that the stabilizer of (v0, u0) in (Z2)m o G
acts transitively on the set of s-arcs of Γ α starting at (v0, u0).
Let ((v0, u0), (v1, u1), . . . (vs, us)) and ((v0, u0), (v′1, u′1), . . . (v′s, u′s)) be two such s-arcs.
Then (u0, u1, . . . , us) and (u0, u′1, . . . , u′s) are s-arcs in Γ starting at u0 and so, there is an
automorphism g ∈ G such that g(u0) = u0 and g(ui ) = u′i for each i ∈ {1, . . . , s}.
Let v∗ = v0+g(v0). We claim that (v∗, g) fixes (v0, u0) and maps (vi , ui ) to (v′i , u′i ) for each
i = 1, . . . , s. First, we have
(v∗, g)(v0, u0) = (v∗ + g(v0), g(u0)) = (v0, u0).
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By the definition of Γ α , we have v1 = v0 + α(u0, u1) and v′1 = v0 + α(u0, u′1). Thus, a simple
computation gives
(v∗, g)(v1, u1) = (v∗ + g(v0 + α(u0, u1)), g(u1))
= (v0 + α(u0, u′1), u′1)
= (v′1, u′1).
Therefore the claim is true for i = 1. If true for some 1 ≤ i < s, we have v′i = v∗ + g(vi ) and
v′i+1 = v′i + α(u′i , u′i+1) = v∗ + g(vi + α(ui , ui+1)) = v∗ + g(vi+1).
Hence,
(v∗, g)(vi+1, ui+1) = (v∗ + g(vi+1), g(ui+1)) = (v′i+1, u′i+1),
and the claim is proved for each i = 1, . . . , s. 
The next result is an adaptation of [2, Theorem 19.5] to our present setting. It shows that
the covering graph Γ α of an incidence graph Γ of an s-arc transitive connected hypergraph is
essentially different from Γ .
Proposition 12. Let Γ be the incidence graph of an s-arc transitive hypergraph H = (V, E),
s ≥ 1.
Then Γ α consists of n2n−1 isomorphic components, each having n2m−n+1 vertices, where n
and m are the order and size of Γ respectively.
Proof. Let u be a vertex of Γ and let Γ α0 denote the connected component of Γ
α that contains
the vertex (0, u). Then (v, u) belongs to the same component Γ α0 if and only if v belongs to the
cycle space of Γ . Since Γ is connected, Γ α0 has n2
m−n+1 vertices.
Let us show that all components of Γ α are isomorphic. Let G be an s-arc transitive group of
automorphisms of H . We know that Γ is either vertex transitive or bipartite with the color classes
V and E being orbits of G. By Proposition 10, Γ α is either vertex transitive or bipartite with the
color classes (Z2)m × V and (Z2)m × E being orbits of Gα = (Z2)m o G. In either case, each
connected component of Γ α has a vertex in one of the orbits of Gα . Hence all components are
isomorphic. Since Γ α has n2m vertices, there are n2n−1 components. 
We are now ready for the proof of Theorem 2.
Proof (of Theorem 2). Let G be an s-arc transitive automorphism group of H = (V, E) and let
Γ = ΓH be the incidence graph of H . As shown in the first part of the proof of Proposition 7,
G is transitive on the (2s)-arcs of Γ starting at vertices in V . Moreover, by Proposition 3, H is
vertex transitive, so that V is an orbit of the action of G on Γ .
By Proposition 10, Gα = (Z2)m o G is an automorphism group of Γ α and V α = (Z2)m o V
is an orbit of the group. Moreover, by Proposition 11, Gα acts transitively on the set of (2s)-arcs
of Γ α starting at vertices in V α . By Proposition 9, Γ α is the incidence graph of a hypergraph Hα
which covers H .
Let Γ α0 be a connected component of Γ
α . By Proposition 12, Γ α0 has order n2
m−n+1, where
n = |V | + |E | and m = d|V | = r |E |, which is strictly larger than the order n of Γ .
Clearly Γ α0 is also a cover of Γ and G
α acts transitively on the (2s)-arcs starting at vertices
of V α0 = V α ∩ V (Γ α0 ). Moreover, Γ α0 is the incidence graph of a connected component Hα0 of
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Hα with vertex set V α0 . Since the (2s)-arcs of Γ
α
0 starting at vertices in V
α
0 correspond to s-arcs
of Hα0 , this hypergraph is an s-arc transitive cover of H with larger order.
By iterating the above procedure we obtain an infinite sequence of s-arc transitive covers of
H . 
Starting with the Ree–Tits classical generalized octagons associated with the simple groups
2F4(q) with q an odd power of two, Theorem 2 provides an infinite sequence of 5-arc transitive
hypergraphs. Since s-arc transitivity implies (s − 1)-arc transitivity, infinite families of s-arc
transitive hypergraphs exist for every s ≤ 5.
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